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School of Mathematics and Statistics, Anqing Normal University, Anqing 246133, Anhui, China

Abstract: The edge frequency polygon estimator, which is based on the histogram technique, has a convergence rate similar to that of the
nonnegative kernel estimator and possesses the advantage of computational simplicity. In this paper, the uniformly asymptotic normality of
the edge frequency polygon estimator for asymptotically negatively associated (ANA) random variables is established under suitable condi-
tions, and the convergence rate is approximately O(n"”), which reveals that the edge frequency polygon estimator has a similar Berry-
Esséen bound of the kernel estimator. Additionally, some numerical simulations are carried out to validate the theoretical results.
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0 Introduction

The study of density estimation is significant because it provides the basis for general nonparametric and semipa-
rametric estimation. The main methods include histogram estimation, frequency polygon density estimation, kernel
density estimation and nearest neighbor estimation, etc. As pointed out by Scott', the frequency polygon estimator has
a convergence rate similar to that of the kernel density estimator and faster than that of the histogram. Moreover, the
computational effort of the frequency polygon is equivalent to that of the histogram. For large bivariate datasets, the
computational simplicity of the frequency polygons and the ease of determining exact equiprobable contours may out-
weigh the increased accuracy of a kernel density estimator.

The edge frequency polygons, initially proposed by Jones ef al”, serve as a piecewise linear alternative to the fre-
quency polygons. We herein recall the notation of the edge frequency polygon. Suppose {X,,, nz 1} is a sequence of ran-
dom variables with common continuous density function f(x) on the real line R. Consider a partition --- < x_, < x_,; < x, <
Q2k-1Db, (Q2k+1b,

2 2

of length b,, where b, is the

ns

x,<x,<--- of R into equal intervals, the k-th interval denotes /,= [
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bin width with b,— 0 as n— 0. For any x € R, there exists some integer k,(x) =k, such that (ko— ;)b” <x< (k0+

L )bn. Consider three adjacent histogram bins

2
1 1 1 1 1 1
o[ 3o i 3 o= (k0m 3o (ko 3 JouJanar=| (0= 3 Jo (i 5 o}

where k ,=k,— 1 and k,=k,+ 1. Define

v, = 21((&— %)bnsXx (k;+ ;)bn)y s=-1.0,1,
i=1

which are the numbers of the observations falling into the intervals mentioned above, respectively. The values of the
histogram in these previous bins can be denoted by fk\_zvk\(nbn)_l,s:—l,o, 1, respectively. Therefore, the edge fre-

quency polygon estimator f” (x) of the density function f(x) can be defined as

R SR RN 1)

forx e [(ko— %)b,z, (ko+ ;)bn)'

The edge frequency polygons offer the advantage of being as straightforward and interpretable as the ordinary fre-
quency polygons, while simultaneously offering both theoretical and practical benefits. Given these advantages, it is of
considerable significance to explore the edge frequency polygons more deeply.

The frequency polygon estimatorf: (x) of the density function f(x) can be defined as
~ 1 x| 1 x|\
ﬂ(x)=(2+ko—bn)ﬂ“+(2 —ko+bn)fk,, @)
forx [(ko— %)b", (ko + %)b” ), where fk =(nb, )’121 ((kx— b, < Xl.<kxbn), s=0, 1. Recently, some scholars have con-
i=1

tributed fruitful research results in frequency polygons. For instance, Carbon ef al’ proved the asymptotic normality of
the frequency polygons for random fields. Yang™ further investigated the uniformly strong consistency of the fre-
quency polygons for strong mixing samples. Xing et al™ proved the uniformly strong consistency of the estimator and
obtained a convergence rate. Wen and Xing'® examined the asymptotic normality of the frequency polygons for y-mix-
ing samples, and the convergence rate is approximately O(n™"°). Xing and Yang" extended the uniformly strong consis-
tency of the estimator for negatively associated samples. Xing et a/™ explored the uniformly strong consistency and
Berry-Esséen bound of the frequency polygons for a-mixing samples. Kang et a/” studied the uniformly strong consis-
tency of the estimator for y-mixing samples. Xi et al'” studied the uniformly strong consistency and the convergence
rate of asymptotic normality for the edge frequency polygon estimator. Younso!" examined the strong consistency of
the frequency polygon estimators for strongly mixing sequences of real variables. Wu and Wang"? established the
Berry-Esséen bound of the frequency polygon estimation with p-mixing samples. Additionally, Wang et al'"”’ investi-
gated the uniformly complete consistency of the frequency polygon estimation under m-extended negatively dependent
(m-END) samples. Chao and Hu"¥! obtained the convergence rate of asymptotic normality of the frequency polygon es-
timator for widely orthant dependent (WOD) random variables.

To the best of our knowledge, the existing literature does not provide information on the rate of asymptotic nor-
mality for the edge frequency polygon estimator f,, (x) under asymptotically negatively associated (ANA) samples. In-
spired by the literature above, we aim to establish the convergence rates of asymptotic normality under suitable condi-
tions in this paper. Finally, we conduct numerical simulations to provide support for the theoretical results.

Now let us recall some concepts of dependence structures. The concept of p*-mixing dependent random variables
was introduced by Bradley!” as follows.

Definition 1 A sequence {X,, n> 1} of random variables is called p"-mixing if
p (s)=sup{p(S, T); S, TcN, dist(S, T)=s5}— 0, as s > o,
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IE(XY) —EX-EY|

v/ Var(X)- Var(Y)

p(S. T)=sup

:XeL,(a(X.ie8)), YeLy(a(X,. e,

where dist(S, T)= AnSli_nTJ/'—i|.
ie§ je

Zhang and Wang"" introduced the following concept of ANA random variables.
Definition 2 A sequence {X,,n > 1} of random variables is called ANA (or p~-mixing) if
p ()=sup{p (S,7); S, TcN, dist(S, T)=s}— 0, as s > o,

Cov(fi(X,ieS) AKX, jeT))

Var(f,(X.ieS)) Var(£(X.jeT))

An array of random variables {X,,, 1 <i<n, n>1} is said to be rowwise ANA if for every n>1, {X,,, 1 <i<n}are
ANA.
Remark 1 It is obviously seen that p™(s)<p”(s) and ANA implies negatively associated (NA) random variables

where p (S, T)=0 v sup

:f1. /> € Cp, and C s the set of nondecreasing functions.

if and only if p~(s)=0 for s > 1. Zhang and Wang"® pointed out that p*-mixing and NA are both ANA; however, the con-
verse is not always true. They presented an example of an ANA sequence which is neither NA nor p*-mixing and
proved that the increasing functions defined on disjoint subsets of an ANA sequence {X,,n > 1} with mixing coeffi-
cients p~(s) are also ANA with mixing coefficients not greater than p~(s). Hence, the investigation of the limit proper-
ties for ANA random variables is of great interest.

Since the concept of ANA random variables was introduced by Zhang and Wang!”, many interesting theoretical
results have been established. Zhang!"” obtained the central limit theorems. Tang et al'"® explored the asymptotic nor-
mality of a wavelet estimator for asymptotically negatively associated errors. Wu et al''” established a general result on
complete moment convergence and the Marcinkiewicz-Zygmund-type strong law of large numbers for weighted sums
of m-ANA random variables, and so on.

In this work, we will study the asymptotic normality of the edge frequency polygon estimation for ANA samples.
The structure of the paper is as follows: The main results are presented in Section 1. Section 2 illustrates some lemmas
and proofs of the main results. Some numerical simulations are carried out in Section 3.

Throughout this paper, the symbols C, and C, denote positive constants, which do not depend on » and may take
different values in various positions. The bin width and the density function are denoted by b, and f(x), respectively.
All limits are taken as the sample size n — oo, unless specified otherwise. Let | x | be the integer part of x and /(A) repre-

sents the indicator function of a set 4, @ (u) is the standard normal distribution function. Set ||X||,= (E|X|r)w, X, =

IOCP”Z (X = x)dx, x*=xI(x>0), x =—xI(x<0).
0

1 Assumptions and Main Results

1.1 Basic Assumptions

For the presentation of our main results, the following assumptions are indispensable.
(A1) Let { X, X,, n>1} be a sequence of identically distributed ANA random variables with p~(s)< C(logs)™~* for

some C>0 and ¢ >0. Let u(n)= zp’(j)—>0, as n—» o,

j=n
(A2) The continuous density function f(x) of X satisfies f/ (x) <M for x € R and some M>0. The joint density
function f,,,.(x,y) of(X,,X,) exists and satisfies sup ‘f,.,,(x,y) —f(x)f(y) ’ <M,, for each i<j and some M, > 0.
R

(xy) eRx

(A3) Set 62(x):=Var(f,(x))>0, let p=p, and g=g, be positive integers tending to oo, such that p+g<n, gp' <
C <. The bin width b, — 0 and pb, —> o, as n — .

Lety,—0, (i=1,2),v(n)u™(g)—0, as n—> oo, where y,,=q/p, y,,=p/n, v(n) =np™ p(g).

Remark 2 The assumptions above are very general. Assumption (A1) is a regular condition, for details, please
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refer to Refs. [16, 18]. For assumption (A2) one can refer to Refs. [8, 19]. However, assumption (A3) can be satisfied
easily by choosing appropriate p,, ¢,, b, and p~ (n).

1.2 Main Results

The following result is about the Berry-Esséen bound of the edge frequency polygon estimator for ANA samples.
Theorem 1  Suppose that assumptions (A1)-(A3) are satisfied. For any x € R such that f(x)> 0, we have

sup | F,(u) —®(u) | <C(yl3+y8+u" (@) +vmu™ (g)). A3)

where F,(u) =P(S,<u) and S,=0,'(x)[ /, ()~ Ef, (%)
Corollary 1 Suppose that assumptions (A1)-(A2) hold, take p=[n**], g=|[n"*], b,=0(n"*), p"(n) =0 (n?).

For some 7>2, we obtain sup |F,(u) =@ (u)|=0(n"").

—00 < U <00

Remark 3  Xing et al™ studied the uniformly asymptotic normality of the frequency polygon for a-mixing
samples, and obtained the convergence rate O (n™"""). Wen and Xing™has derived the convergence rate to be close to
O(n™") under y-mixing samples.

The following results can be obtained with some additional assumptions.

Theorem 2  Suppose that assumptions (A1)-(A3) are satisfied. If nb} — 0 as n — oo, and f(x) satisfies the local
Lipschitz condition around x with f (x) >0, then

sup (S < u (u) ‘ PR+ w3 () +v(mu " (q) + (nbﬁ)m), (@)

where 5, =07 (0) 0—7 (1)}

According to Theorem 2 the asymptotic normality and the convergence rate of estimator fn (x) can be obtained un-
der ANA samples.

Corollary 2 Suppose that (A1) and (A2) hold with p~(n)=O(n?). Let b,= 0( *“) and 1127<a<2/3. If £ (+)
satisfies the local Lipschitz condition around x with f(x)>0, we have sup (S < u (u) ‘ n'?)

Corollary 3  Suppose that (A1)-(A2) hold. If pb,—> o and nb}— 0 as n—> oo, and f (-) satisfies the local Lip-

schitz condition around x with f(x)> 0, then §: i) N(0, 1), as n— o, where D denotes the convergence in distribution.
Remark 4 (i) For the frequency polygon estimator of the density function f(x), Xing et al obtained the rate
L (0)-Ef, (x)

,(x)

O(n"")of P

< u) under stationary a-mixing samples. Additionally, Wu and Wang"* studied the results

L@-f(x)

of the convergence of P < ) to the standard normal distribution, obtained a better rate O(n™") with p(n)=
o,(x

O(n ™).
(i1) In this paper, our results extend to the edge frequency polygon estimator and establish the asymptotic normal-

ity of the distribution function of SNﬂ for ANA samples. Furthermore, we also obtain the convergence rate O (n™") of

P(:?V < u) approximating to the standard normal distribution.

2 Proofs of Theorems

In this section, we prove the Berry-Esséen bound for the edge frequency polygon estimator based on ANA
samples. For convenient writing, we firstly provide the following notations. For each 1 <i<n,s=-1,0, 1, denote

Y, =1{(k,~12)b,<X,<(k+1/2)b,}, e,:=Y, ~EY,,,
L e x|l (L x| Gt
ﬂi(x).—(z +k, b 5 (2 ko+ b”) TR

Z,:=(nb,o,(x)) 1),
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then S, =0, ()| /, @)~ £/, ()] = izm..

Let k:=k,= |_n/(p+q)J, by employing Bernstein’ s big-block and small-block procedures, S, can be decomposed

into
S,=8",+8",+5",. %)
where
k k
_ "o o_ ” mo__.m
- zy,nm’ S n zy nm > S n_y n°
m=1 m=1
and
k,+p—-1 1,+q-1
y,nm= z ni» y nm ~ z Z ”,n= z Z
i=k, k(p+q)

k,=(m-1)(p+q)+1, L=(m-1)(p+q)+p+1l, m=12 -k

To derive the main results, we present the following helpful lemmas. The first one is a basic property of ANA ran-
dom variables, which was presented by Zhang and Wang"?.

Lemma 1 Let { X,, nz 1} be a sequence of ANA random variables with mixing coefficients p~(s), if { foonz 1}
are all nondecreasing (or nonincreasing) functions, then random variables { fi(X,), n= 1} are still ANA with mixing co-
efficients not greater than p~ (s).

The following lemma which can be seen in Ref. [16] is the Rosenthal-type inequality for ANA random variables.

Lemma 2 Let {X n= 1} be a sequence of ANA random variables with £X, =0 and ||X,||, < for some p>2 and

all n. For any k=20, n=1, set S, (k)= 2 i Assume that p~(s)< C(log s)™'~° for some C>0 and §> 0. Then there exists
a positive constant C ( ) depending only on p and p(-) such that

E(max

I<ms<n

I<m<n

P2
S, (k)] )<C(p){n max E[ X,., |+ (nmax E(X, )) }
The next lemma comes from Zhang'”.
Lemma 3 Letp,g>1 with 1/p+1/g=1. Suppose X=f (X;;ieS), Y=g(X,;i e T) with ||X]|, <o and ||Y]|, <o,

where S, T N with S(1T=J and f, g € C, Cis a class of nondecreasing (or nonincreasing) functions. Then

Cov(XY)[<6(p(S.T X1, 171, (6)
Lemma4 Under assumptions (Al) and (A2), we have

2
nb 07 ()= (2 +k_) pa(=p)+p,(1-py)—-2p., P, +(1 —ko+;) po(l=py)+p, (1-p,)=2p,p,

4b, 2 4b,
1 x
SERTTS ERs

(k,+1/2)b,
where p, = f f(x)dx for s=-1,0, 1. Furthermore, if f(x) is continuous at x, we have

(k,—1/2)b,
Jx) (X)

) )<2/p>A(2/q)

P PotPoP +P P —Po(l=py)
5 +o(l), )

lim inf nb,o}(x)=

Proof Similar to the proof of Lemma 4.1 in Ref. [12], we can obtain (7) immediately.
Lemma 5 Suppose that assumptions (A1)-(A3) hold, we obtain
2 2
E(S”n) sC‘ylnv E(Smn) <C‘})Zn' (8)
Proof According to C -inequality, Jensen’s inequality and f(x)< M , it follows that for any > 1,

; xX)te,; X ' e, (x)+e, , (x '
]lfna,X E|}’] (x)| <2, lll'naX E Lk,,( )2 L/C“( ) +2r7111'n‘aX E 1,/»,( )2 1,/»(,( )
(k. +172)b, (ko+1/2)b, (k,+1/2)b,
<C ( [ rwar+ [ rwars | f(t)dt) <CMb,, )
(k_,~1/2)b, (ko—1/2)b, (k,~1/2)b,
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then we can deduce that by (9) and (7)

(x)[<cb,, EZ2= ‘nbna,, x)) n(x)

By Lemma 2, Lemma 4 and (9), we easily see that

2 k lata- Lk L+g—1 kq Cq
E(S", )= (Ey”nm) :E(Z 2 ) C(nb,0,(x)) 2 max Elr, (x)|2<Cm < s =Cyy,
(p+

m=1 i=[, nn

2
n

>z,

i=k(p+q)+1

! < P Cp =y,

and E(S",) =E <C

toga] T

1
) <(yi.

1 1 1
Hence, (8) holds, and we get by Markov’s inequality P (‘ S" =93 ) <Cyi, P (} S" =3

Lemma 6 Suppose that assumptions of Theorem 1 are satisfied, we have
—1|<C(yir+yi+u@), (10)

k
where s2= EVar (V)
m=1
Proof Denote/, = z Cov( Vi y,’,j). Obviously, we obtain
I<i<j<k
=E(S',) -2r, (11)
Noting that E(S,,)Z:I, we easily see that E(S’,,)Zzl—2E|:S,,(S",,+S"’n)] +E(S”W+S”’,,)2, which combining

with C -inequality and (8), we can derive

] —
W) —
o) —

+2[E(s3))[E(s,)]

|EB(S', 1| <2E(S",) +2E(s",) +2[ E(S?)]

1[ (5%)’] )

1 1 1
<2(V1n+yzn)+2yi+2y2,<C(yE+y§n .

On the other hand, for x €[(k,— 1/2)b,,, (k,+ 1/2)b, ), noting that 0 < 1/2+k,—x/b,<1 and 0< 1/2—k,+x/b,< 1, it
follows that

k+p 1hk+p—1 k+p—1k+p=1 1
z Cov(y’m.,y',,j) < z ‘COV 4 z z z 2‘Cov(;yv,rj,)
1<i<g<k ]<l<_]<k vek, 1=k, 1<i<j<k vek, 1=k, (nb”gn(x))
-2 ! 1 X ’ ev,k,,(x) +ev5k‘,(x) ettk,,(x) +et(k“(x)
SC(nb,,Jn(x)) lgzigk ; ; x ‘ (2 +ky— b,,) COV( 5 , 5 )

2

1 X ev.k“(x) +ev.kl(x) ez,k"(x) +e/,k,(x)
+ (2 —ko+ b, COV( 2 , >

1 X 1 X ev,k,,(x) +ev.1<(,(x) ez,k(,(x) +ez,k,(x)
+ (2 +k,— b”)(z —ky+ bﬂ)Cov( 3 , 3

1 X 1 X evikﬁ(x) +€v‘/c,(x) er,k,,(x) +et,kn(x)
+ 2 +k,— bn)(z —ky+ b, Cov( > , 2

5 ki+p—1k+p—1
<C(nbn0-n(x)) z z {|qln + |q2n + |q3n + |q4n }’

1<i<j<k v=k, 1=k

where

_ ev,k,‘(x) +ev,k(,(x) ettk,,(x) +etvk,,(x) _ evtk,,(x) +ev<k,(x) et.k(,(x) +ez,kl(x)
q1,=Cov 3 ; 5 . ¢,,=Cov > . 5 .

eu.k,,(x) +ev.,kﬂ(x) et,k”(x) +et,kl(x) ev,k“('x) +ev,k\(x) ezik,,(x) +et./q,(x)
4:,=Cov Lol fulB2 . qu=Cov ol : ,
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for a given k,, s =—1,0,1 and i = 1,2, ---,n, by Lemma 1, it follows that {elkk?, 1<i< n} are also ANA sequences with

‘ e ‘ <2and Ee,;, = 0, which together with Lemma 3, assumption (A1), yields the following upper bound

.| = 2 2 (We,k)\sg > pt=vlelillell. < CMp (k= vib,.
w,m=-1,0

w==1,0 m=
similarly, we can conclude that | q.,| SCMp (t—v)b,, i =2,3,4.
Hence, applying Lemma 4 it can be deduced that
-2 X .
|7, <C(nb,a,(x)) kpb, > p~ ()< Culq), (13)
Jj=q

combined with (11), (12) and (13), the proof is completed.
Assume that {nnm, 1<m< k} are independent random variables with the same distribution as that of y’,,, for m=

k k —~ —
2,---,k. We define T, = z’hm, B, = ZVar(r]nm ), let F, (u), G,(u) and G, (u) be the distributions of S’,, and T,
m=1 m=1

/B,

respectively.
Lemma 7 Under the assumptions of Theorem 1, for some 0 < J < 1, we get sup |G, (u) — D (u) | < Cy32.

ei,kil(x) +2€1 k‘,(‘x) +ellk,(x)
2nb,0,(x)

nn

and f(x) < M. For some 0 <0 <1, by Lemma 2, Lemma

2+0)2
( I<i<n )

< Cy()/Z

4 and pb, — oo, for large enough n we have

zE 240 ZE|ynm

I<i<n
pkbn pbn 1+0/2 (p
(nbn)l+($/2 nbn n

Furthermore, it follows from Lemma 6 that B,=s2—> 1, as n—> 0. Applying Berry-Esséen inequality (see Ref.
[20], Theorem 5.7), for 0 < J < 1, we get

1 k
sup| G, () = ()| <C 5z D F

}/lnm

"<Ck(nb,o,(x)) " {

2
+

<C =C

nb

1 )5/2

2+0

J
0/2
<Cyys.

”nm

The proof of Lemma 7 is completed.
The following lemma was proved in Ref. [18], which plays a key role to prove the main results in this paper.
Lemma 8 Let {X nz } be a sequence of ANA random variables with finite variances, p and g be two inte-

no
(=Dp+q)+p
gers. Let ,= z X, for 1 <I/<k. Then, for any finite real numbers r, /=1, ---, k,
i=(I-p+q)+1

E(exp(igr,n,)) - HE(GXP(VWI))

k

<4 |rjrl|{ _COV(77;/’771)+8pi(q)” 77,'” 241” 771” 251}'
ey

J

Cy5+ u' (@) + v ™ ().

Proof Denote the characteristic functions of S’, and T, by ¢ (#) and w (¢), respectively. By Berry-Esséen inequal-
ity (see Ref. [20], Theorem 5.3), then for any 7 > 0,

sup‘F(u) G, < j o(t)— W(t)}dt+Tsup |

G, u+y)- G, @w)|dy:=1,+1,

yl<eT

Noting that w(¢) = exp(ltT ) HE (exp ( i1, ) HE(exp ity ,,m)), applying Lemma 8, and we derive that

E(exp(it;mm)) HE exp llynm))‘

<4f2{ > [Cov(y,y,)[+8 > p'(q)IlV'm||z,1lV'n,,vlz,1}<Ctz{1n+1u},

1<i<j<k 1<i<j<k

lp(t) —y(t)| =
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where I,= > [Cov(y' ')l 1o=8 > p (@I llo il s

I<i<j<k I<i<j<k
For I,,, noting that ||X]|, , < iHXH, for any r>2 (cf. Ledoux®"), by C -inequality, Lemma 2, Lemma 4 and (9), it

follows that

1,<Cp (q){ZH Y'um

2 k #12)
} <Clp (@) Y| |} < Cho @) (nb,0,(x)) E{pmaxEnu(pmaxmm) }
m=1

<Chp (@) {1 +(pb,)' "} < Cnp™ p (g)= Cv(m)
which together with (13), we have |p(¢) —w (1) | < C* ((u(q) +v(n) ) which implies that

= [ |e0=v®

t
Moreover, noting that 6; (u)=G, (u/s,) we obtain by Lemma 7 and Lemma 6

sup a(u+y)— a(u)’ = sup ‘ G,,((u+y)/s,,) —Gn(u/sn)

dt<C((u(q)+v(n))T2. (14)

< sup(G,,((u+y)/s,,) —<15((u+y)/s,,)) + sup <15((u+y)/s,,) —D(uls, )+ sup’G,,(u/s,,) —<15(u/s,,)

<2sup |G, ()— )| + sup| @ ((u+y)s,) - D(uls,)| <C(y+1y). (15)
From (15) it follows that
L<cr[  (yEep)dy<C(E+1T), (16)

W <eT

combing (14) and (16), we deduce that

sup | 7. 0= G 0| < |t +vr +75:+ 1 |,

by choosing T=u"""(g), the proof of Lemma 9 is completed.
The last one comes from Ref. [22].
Lemma 10 Assume that {C,,, n= 1} and { N, 1= 1} are two random variable sequences, { Voo 1= 1} is a positive con-

stant sequence, and y, — 0, if sup |F, (u)— P(u) < Cy,, then for any £> 0,

(W)= D) | <C(y,+e+P(

sup\F >¢)). 17

un

G,

Now we give the proof of the main results as follows.
Proof of Theorem 1 It is obvious that

sup| 7, ()~ @w)| < sup|F, )~ G, @)+ G, () Dl \/B, )+ Pl \/B,)~ P(w)|

< sup\ﬁ(u)— G|+ sup |G, ()~ b/ V/B,) | + sup| @ \/B,)~ (w)

=J,+J,,+J5,.
Based on the results from Lemmas 9, 7 and 6, we can conclude

<C(yi+u(@+vimu™ (@),

In

m=

= sup |G, (u)— D(u)| < Cy22,

and

3=

< C(yln +V¥nz+“(51))v

therefore, which together with Lemmas 5 and 10, taking =1 and noting that y}? <y?, we have
sup |P(S, < u)= D) < (yh7 + 75 +95 +u" (@) +vimu > (9)+ P(S", | > y17 )+ P(S™,| > 73))

<C(yl+yk+u (@) +vinu > (@)).

The proof is completed.
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Proof of Corollary 1  In Theorem 1 letp=|n**|, g=|n"?|, b,=0@m"*), p~(n)=0(n?). It is easy to verify
173
P =00, ' (g)< C{zﬂ} =0(),
t=q
Moreover, for some r>2, by b,=O0(n"?) we can obtain v(n)u™" (¢)= O(n""). The proof is completed.

Proof of Theorem 2  In order to complete the proof, it suffices to verify by Theorem 1,

M:O((Vlbi)m)‘ (18)

V Var(f, (x))

Since f(x) satisfies the local Lipschitz condition, i.e. for all (k_, —1/2)b,<x,y<(k,+1/2)b, and for some L>0, |[f(x)—
fWI<Llx—y|<Cb,. Noting that 0< 1/2+ k,—x/b,<1 and 0< 1/2 —k,+x/b,< 1, it follows from (1) that

| B, ()| = 1;(; k-

;‘ )(nb” )‘(EP (k. ~1/2)b, <X, <(k_+ 1/2)b, )+ > P ((ky— 1/2)b, <X, <(ky + 1/2)b, ))
n i=1 i=1

+% % —ky+ ;‘) (nb, )l(zp ((ky=1/2)b, <X, <(ky+1/2)b,)+ > P ((k, = 1/2)b,<X,<(k, +1/2)b, )) —f(x)
n i=1 i=1
- ‘ ; (; +k,— zf )b,‘,‘(P((kl ~1/2)b, <X <(k_,+ 1/2)b, ) +P((ko— 1/2)b, < X <(ky+ 1/2)b,))
+;(; —ko+ ;)b;l( P((ky— 1/2)b, <X <(ky+1/2)b, ) +P((k,~ 1/2)b, < X <(k, +1/2)b,)) —f(x)
(k,+1/2)b,
<b,’ | f(»)—f()dy<Cb,. 19
(k_,—1/2)b,

On the other hand, by Lemma 4 we can obtain that for all n large enough,
Var( £, (x)) 2f(x)/(4nb, ).
which together with (19) derives (18). Therefore, we complete the proof of Theorem 2.
Proof of Corollary 2 Similar to the proof of Corollary 1, take b,=0(n*),11/27<a<2/3, let p=|n**|.q=
[n'"” |, p~(n)=O(m™). It is easy to verify that
P+ ¥ +u(g) "+ (1)) =0 (n ).
moreover, for some 7>2, we can also obtain v(n)u™>*(q)=0(n""). The result follows immediately from Theorem 2

and the above. The proof is completed.
Proof of Corollary 3  The result follows directly by letting each error term tend to zero in Theorem 2.

3 Numerical Simulation

In this section, we perform numerical simulations to investigate the finite sample performance of the edge fre-
quency polygon estimator based on ANA random variables under the following two cases. The random numbers are
generated as follows.

Case 1 For any fixed n >3, let normal random vector (X 1> X, ---,Xn) ~N,(0, X), where 0 represents zero vector

and
1+6* -0 0 0 0 0
-0 1+6* -0 0 0 0
0 -0 1+6* - 0 0 0
2= : : : : : : ,
0 0 0 R I 0
0 0 0 -0 1+60* -0
0 0 0 0 -0 1+

nxn

where 0<0<1, X,~N(0,1+6%), i=1. From Joag-Dev and Proschan™, it can be seen that (Xl, X5, Xn) is an NA
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vector. For some fixed integer m>1, let ¥, = EXH , for each i > 1, then it is easy to show that {Y,, i > 1} is a sequence of
k=0

p’-mixing random variables and thus a sequence of p™-mixing random variables with EY,=0.

For the purpose of comparison of the different estimators, we consider the edge frequency polygon estimator
f,,(x), the frequency polygon estimator]’:(x) and the Epanechnikov kernel estimator (i.e., the kernel K(u)=0.75(1—
u?)I(u| <1)). Take m=2, 6=0.2, 0.5 and the sample size n as n=200, 400, 600, respectively. The optimal bandwidth
for the Epanechnikov kernel estimator is chosen by cross validation (CV) method. We repeat the calculation of 1 000
times using the R software to obtain the mean square error (MSE) of the estimators for different sample sizes and x =
0.5, 0.75, respectively. As shown in Table 1, for some fixed x and 6, it can be observed that the MSE of the estimators
decrease significantly as the sample size n increases. Moreover, the MSE of the estimator f (x) is consistently smaller
than the corresponding MSE of f (x), however, there is no significant difference between the edge frequency polygon
estimator and the Epanechnikov kernel estimator for a fixed sample size.

Specifically, we also generate the Quantile-Quantile (Q-Q in short) plots of :9:, which assess the asymptotic nor-
mality of the estimators in Figs.1 and 2. The distribution of SN,, should be asymptotically normal according to Theorem
2. Figs.1 and 2 are the Q-Q plots of § with §=0.2, §=0.5 and sample size n =200, 400, 600, respectively. From Figs.
1 and 2, it can be seen that :S”V, tends to the standard normal distribution as n. These results fit well with the theoretical
results we derived in the previous section, further confirming the validity of the proposed estimators.

Case 2 Let ¢,* N(0,3/4), i>1. Set Z,~N(0,1), and Z,=0.5Z, ,+¢, for each i>2. Then {Z,,i>1} is a sequence
of p~-mixing random variables with Z,~ N(0, 1). For simplicity, the other settings are the same as those in Case 1.

As shown in Table 2 for some fixed x, we can also obtain the similar conclusions as those in Case 1. From Figs.3
and 4, it can also be seen that SNn tends to the standard normal distribution as n. These results fit well with our main re-
sults established in Section 2.

Table 1 MSE of the different estimators with #=0.2 and 6=0.5 in case 1

6=0.2 6=0.5
X R ~ Epanechnikov kernel R ~ Epanechnikov kernel
Ju () fi () . () fi () .
estimator estimator
200 1.534992x107°  7.006 038x107° 0.870 667x107 1.490 180x107* 7.757 300x107° 0.997 438x107°
0.5 400 0.855714x107° 4.243 047x10°° 0.531 311x10°? 0.886 136x107° 4.666 696x107° 0.620 228%107°
600  0.569999x107°  2.648 557107 0.390 412x107 0.563 563x107° 3.371 044x107° 0.436 002x107°
200  1.173 086x10°  6.499 233x107* 0.761 878x107° 1.146 780107 7.704 812x107° 0.818 208%107°
0.75 400 0.869209x10° 3.816 499x107° 0.449 555x107 0.911 427x107* 4.147 423x10°° 0.507 787x107°
600  0.566 590x107°  2.744 496107} 0.323 313x10°° 0.547 834x107° 3.504 102x107° 0.352 368%107°
4F 4F 3 4F
. 2F g s 2F g 2F
Z or z of g of
H £ B
& =OF % 2F 3 2F
< o ..
—aby” 1 1 1 1 =4 ] 1 1 ] ] -4k i 1 1 1 1
—4 -2 0 2 4 -4 ) 0 ) 4 —4 -2 0 2 4

Normal quantiles
(a) n=200, 6=0.2

Fig. 1

Normal quantiles
(b) =400, 6=0.2

Normal quantiles
(c) n=600, 6=0.2

Q-Q plots of :S‘\; with n=200, 400, 600 under 6=0.2
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aF y aF aF :
.w’:/ :‘;’/ //
2k s 2t . 2F
5 = =2
= | =t
§ o % ok 2 ol
2 = o
B £ g
5 of % o & 2
3 o
A e o
4 1 1 1 4 ] ] ] 1 —4by 1 1 1 1
-4 2 0 2 -4 2 0 2 4 ) 0 2 4
Normal quantiles Normal quantiles Normal quantiles
(a) =200, 8=0.5 (b) n=400, 6=0.5 (c) =600, 6=0.5
Fig. 2 Q-Q plots of :S'\; with n=200, 400, 600 under 6=0.5
Table 2 MSE of the different estimators in case 2
X n fn (x) f: (x) Epanechnikov kernel estimator
200 2.193 930107 4.713 003x107* 1.954 092x107*
0.5 400 1.221 682x107° 2.238 906107 1.017 245%x107
600 0.800 506x107* 1.203 738x107* 0.804 568x107
200 1.712 701x107° 2.370 250107 1.553 220107
0.75 400 1.252 575x107* 2.422 586x107° 0.808 627x107
600 0.800 031x107° 1.325517x107* 0.644 946x107°
4F . 4f 4F
# 2F 8 2F ’ % 2r
% of E’:} ok % oF
© = 2
[ =l £
E “2f p 3 o $ -2f
- = 1 1 1 | il 1 ] ] 1 -4 '/(/ 1 1 1 1
-4 2 0 2 -4 =2 0 2 4 -4 22 0 2 4
Normal quantiles Normal quantiles Normal quantiles
(a) =200, x=0.5 (b) n=400, x=0.5 (¢) =600, x=0.5
Fig.3 Q-Q plots of S, with n=200, 400, 600 under x=0.5
4F 4F 2 4F I
&
. 2F g 2r s 2f
2 o & of 2 ot
S -2r A ok 3 =2F
g ‘;}”V
—4F 1 1 1 40 1 1 1 1 -4 'r'/ 1 L L 1
—4 -2 0 2 —4 =9 0 2 4 —4 -2 0 2 4
Normal quantiles Normal quantiles Normal quantiles
(a) n=200, x=0.75 (b) n=400, x=0.75 (c) n=600, x=0.75
Fig. 4 Q-Q plots of :S‘\; with n=200, 400, 600 under x=0.75
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